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Abstract 

We show the uniqueness of the radial centers of any order q of a parallel body of a convex 
body Q in at distance 5 if 5 is greater than the diameter of Q multiplied by a constant 
which depends only on the dimension m. 
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1 Introduction 

Let /? be a body in M™ {'m> 2), i.e. a compact set which is a closure of its interior, with a piecewise 
boundary. Consider a potential of the form 

V^r\^)^ I \x^y^'^d^l{v) (a>0), 

where /i is the standard Lesbegue measure of M™. It is a singular integral when a < m and a; e i7. 
When < a < m it is the Riesz potential of (the characteristic function xn of) J7. 

In particular, when i? is convex and X <EQ, V}j'{x) can be expressed as 

where a is the standard Lebesgue measure of S""~^ and p : S"""^ -> M>o is a radial function of 

Q-x ~ {v ^ x\v ^ ^} given by (^) — sup{a > | a; + au G i?}. Thus V^\x) coincides with 
the dual mixed volume as introduced by Lutwak f jLll IL2| ) up to multiplication by a constant. 

In j03| we defined an r°'~"^ -center of f2. It is a point where the extreme value of vj^""^ (minimum 
or maximum according to the value of a) is attained when a ^ m. (The case when a = m will 
be addressed later.) For example, the center of mass is an r^-centcr. When J? is convex, an 
r"~"'-center {a ^ m) coincides with the radial center of order a, which was introduced in [M] for 
< a < 1 and in jH] in general (a 7^ 0). An r"~'"-center of a body f2 exists for any a and is 
unique if a > m + 1 or if a < 1 and i7 is convex f [03] ). It was conjectured that a convex subset 
f2 has a unique r"~™-center for any a. 

In this paper we show the uniqueness of an r"~™-center for any a when ]7 is close to a ball 
in some sense. To be precise, we show that there is a positive function ip{m) such that for any 
convex body f2 with a piecewise boundary, if (5 > ip{m) ■ diam(I?) then a S-parallel body of [2 
has a unique r"~™-center for any a. Here, a J-parallel body of SI is the closure of a 5-tubular 
neighbouhood of f2, and isjlenoted by i7 + SB™. The proof has two steps. First we show that a 
center can appear only in f2 by the so-called moving plane method in analysis ( jGNNj ). Then we 
show that V"-"'' is convex (or concave according to the value of a) on X2 using the boundary 

integral expression of the second derivatives of vlf\ 

o 

Throughout the paper, X, X, X^, and conv(X) denote the interior, the closure, the comple- 
ment, and the convex hull of X respectively. We denote the standard Lesbegue measure of by 
/i, and that of dSl and other (m — l)-dimensional spaces like S™~^ by a. 



2 Preliminaries from |03j 



In this section wc introduce some of the resuUs of j03| which are necessary for our study. 
First remark that if we define 

X -Y ^ {X\{XnY))U-(Y\{XnY)) {X, Y C M'"), 

where the second term is equipped with the reverse orientation, then 

for any a. 

2.1 Boundary integral expression of the derivatives 

The first derivatives of V^""^ can be expressed by the boundary integral as 

7^(^) = -/ \x-yr"'e,-ndaiy) (2.1) 



9xj jQn 

for any j {1 < j < m) if x ~ (xi, . . . , Xm) ^ 9]7, where n is a unit outer normal vector to df2 at 
y, Cj is the j-th unit vector of R™, and a denotes the standard Lebesgue measure of dS7. This is 
because 

dx, ~ dy, ~ ^^'^ 
It follows that the second derivatives satisfy 



'^{x) = -(a - m) / \x- yT-^-^x, - y,) e, -nda^y) (2.2) 



for any a if a; ^ dfl (or for any a; if a > 2). Furthermore, if x G i?"^ then for any a 

^^(x) = (a - m) |x - ^ ((a - m - 2)(x, - y,)^ + |x - yf) dfi{y) (2.3) 

= (« - m) \x - yl"-"-^ |^(a - m - l)(x, - y,)' + ^(x. - y,)' j ^^(y) ■ (2-4) 

2.2 Definition of the r°~"^-centers 

When a m we call a point r"~"^ -center of /2 if it gives the minimum value of Vj^"^ when a > m 
and the maximum value of V^"^ when < a < m. When a = m it is meaningless to use Vq'^^ as 
it is constantly equal to Vol (i7). Wc call a point an -center if it gives the maximum value of the 
log potential 

Vn^i^) = / log 1 r d^^iy) = - / log |x - y| d^(y). 

Ji2 F - y\ Jn 

As we noticed in the introduction, the center of mass is an r^-center, and if f2 is convex and 
a 7^ 771, an r"~™-center coincides with the radial center of order a, which was introduced in [M] 
for < a < 1 and in [H] for a ^ 0. 

We remark that the statements of r"~™-centers in the case when a ~ m in this paper can be 
obtained exactly in the same way as in the case when < a < m. This is because we only use the 
estimate on the second derivative in our study, and that of the log potential 

(J^j Jon 

can be considered as the limit of l/{m — a) times the second derivative of V^^^ as a approaches 
m (see ^^). 
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2.3 Minimal unfolded regions 

Let w be a unit vector in S*™^^ and 6 be a real number. Put 

= {x e M" I a; • w = &}, ^ {x e M'" \x-v>b}, i/"^ ^ {x e M" \x-v<b}. 

Let Refli,.b be a reflection of R™ in H^^b- Let be a compact set in R™. Put Af^, = M„(i7) 
max X • u and 

Uy = Uy{[2) = inf |a I a < M„, Refli,,6(r2 n iJ+j) C (a < ^6 < !/„)}■ 
The minimal unfolded region of f2 is given by 



[//(r2)= fi Hj;„„. 



It is a non-empty compact convex set and is contained in the convex hull of i7. It is not necessarily 
contained in f2. 





Figure 2: A minimal unfolded region of a non-obtuse 
Figure 1: Folding a convex set like triangle. Bold lines are angle bisectors, dotted lines 
origami a^j-g perpendicular bisectors. 



2.4 Existence and uniqueness of "^-centers 

Theorem 2.1 ([03|) Let f2 be a body in R'" with a piecewise boundary dQ. 

(1) There exists an r°'~"^ -center of J? for any a. 

(2) An r"~"^ -center is contained in the minimal unfolded region of f2 for any a. 

(3) An r°'~^" -center of f2 is unique if a > m + 1. 

(4) An r°'~^" -center of f] is unique if a < 1 and f2 is convex. 

The second statement is essentially based on the so-called moving plane method in analysis ( [GNN| ) 
as the integrands appearing in the formulae of V^"^ and its derivatives are symmetric. The unique- 

ness of an r"~'"-center follows from ^ > when a > m + 1 and the strong concavity Va" 

OXj-^ 

o 

on n when a < I and S7 is convex. 

3 Uniqueness of the centers of i7 + SB^ 

We conjectured that if H is convex then it has only one r"~™-center for any a, although it was 
proved that Vq''^ is not necessarily convex nor concave. In this section we show that the conjeture 
holds for a (5-parallel bodies J7 -|- SB^{x -\- u \ x G f2, u ^ B'"} provided that 6 is large enough 
compared with the diameter of i7. To be precise, we prove the following theorem: 



3 



Theorem 3.1 For any natural number m > 2 there is a positive constant ip{m) such that for any 
compact convex set Q in M™ with piecewise boundary, if 5 > f{rn) • diam(i7) then Q + SB™^ 
has a unique r"''^'^ -center for any a. 



By Theorem 12.11 it is enough to show 

^^±1^ < (1< a < m), i^±|^ < 0, ^^±1^ > (m < a < m + 1) (3.1) 

oxj-^ ax J-' oxj'^ 

for any j on the minimal unfolded region of J? + 6B"^ . 

Lemma 3.2 Let J? be any compact subset o/M™. The minimal unfolded region of f2 + 6B"^ is 
contained in the convex hull of f2 for any 5 > Q. 

Proof. Let us use the notation in Subsection 12.31 Let v <E S'^~^ be any vector and h any real 
number that satisfies 

M„(l?) < 6 < A/„(/2 + (55") = M„(i7) + 5. 
Then for any point Q in we have Refl^,_f,(i?5((5) n H^^^ C Bs{Q) n as the center Q is in 
H-b- As {n + SB"^) n H+, = Ucjerl WQ) H <,) we have 

Refl„,b((/? + (5B'»)nH+,)= y RcQ,,b{BsiQ) n H+^) 

C U {Bs{Q)^H-,) 
cif2 + SB"^)nH-,. 

Consequently we have Uy{n + 5B"^) < My{f2). It follows that 



ufio+sB-)^ n K^u^iH^sB^^^ n ^;m„(.i)=^°^^(^)- 

□ 

Next we proceed to the proof of p.ip on SI. 

Definition 3.3 Let to be a natural number with m > 2 and let a > 0. Let La denote an oriented 
line segment in which starts from (a, 0) and ends at (0,1). For real numbers a and ^ with 
< ^ < a define 

F{m,a,a,0= f N " 2/1"" - yi) yz""' ^2/2 , (3.2) 



J La 

where x = (^, 0). 

Lemma 3.4 Suppose to = 2 and 1 < a < 3. For any a>0, ifQ<£^<^ then F{2, a, a, ^) < 0. 
Proof. Divide La into three parts; 

Li = Lan {2^ < xi < a}, L2 = La C] {S, < xi < 2^}, L3. ^ LaC] {Q < xi < £}. 

If we put 

p{t) ^(s. + t,(i-^\--\ e L2, q{t) ^ (^~t,(i^^] +-) eLs (0 < t < 



then \x — p{t)\ < \x — q{t)\ (Figure[3]). Hence, as yi = a{l — j/2) on La, 

\x ~ yr\i - yi) dy^ = f [-\x - p{t)r^ + \x- q{tr-') • * • ^ < o. 



L2UL3 

Q — 4 



Since /^^ \x — y|" (^ — yi) dy2 < 0, it completes the proof. □ 
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Figure 3: 





Lemma 3.5 Suppose m > 3 and 1 < a < m + 1. There is a map tpa ■ IR+ — > IR+ such that for any 
c > if a > ipaic) c then 

it-l)it + ar-' 



-a (x/FTT) 



m+2 — a 



dt < 0. (3.3) 



Proof. Let c > 0. Assume a > 2c. Note that the mtegrand of p.3p is positive (or negative) if 
i > i (or respectively t < Therefore we have only to consider the case when ^ < c. Observe 

that 

- it-l)(t + ay-\ r \t-l\it + ar-\ r<^ (t-l)(t + «)-^ 

(3.4) 

where the right hand side can be estimated by 

+ ")"-' „ , (a-eV-' f ('-!)(' + -):-' . 



As 



a — c\ I a — lc\ 1 I a — lc\ ( ^ _ "i+a- 



(V4c2 + 1 ) 



a + c/ \ a + c y ^/I;XXT V V a + c 



m+2 — a 



l + (4c^ + l) 



(3.5) 



if we put 



„2 



2 l + (4c2 + l) ^ +1 o 

^a(c) = ^ — = 2 + — (3.6) 

(l + (4c2 + ly"""^^ - 1 (^1 + (4c2 + 1)-'^'^) 



1 — 2 

- 1 



then a > ipaic)c is equivalent to 

a — 2c 



a + c 



> 1 + {Ac^ + 1) 



which implies that the right hand side of p.4p is negative; thus the proof is completed. Remark 
that as V«(c) > 2, if a > ^paic) a then a satisfies the assumption a > 2c which appeared at the 
beginning of the proof. □ 
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Corollary 3.6 Suppose m > 3 and 1 < a < m + 1. For any > there is oq > such that if 
< ^ < Co o,iT-d a > ao then F{m,a,a^^) < 0, where F{m,a,a^^) is given by p.2p . In fact, we 
can take 

ao = — 7 — c ' 

V 4o / t.0 

where ipa given by p.6p . 
Proof. As yi = a(l - 2/2) on L^, 

F(m, a, a, = ((a(l - 2/2) - + 2/2') (C - a(l - ^2)) ^2™"' d2/2. (3.7) 

a{a — C) a ^ C 

Put T' = 7 Then, as 

1 + 1 + 

(a(l - y2) - 0' + = + 1), e - a{l - y^) = ^-^("^ ^ 1)- ^2 = ^^(t + a), 

1 + a^ 1 + 1 + 

i^(TO, a, a, C) < is equivalent to 

'^(t-i)(t + ar-^ 



?n+2 — a 



< 0. 



First remark that if < ^ < then F{m,a,a,^) < F{m,a,a,^Q) since is an increasing 
function of ^ (0 < ^ < a) with hmj_).o = ^ and the integrand is positive when t > ^. 

On the other hand, if we put c(a) = ^^^z|^, it is a decreasing function of a as c(a) = + ^^f^- 
Put 

Co = c(24o) = — , ao = Va{co)co = Wa 



?0 \ SO / ?0 

where ^/la is given by p.6p . If a > oq then c(a) < c(2Co) = cq as a > 2^0- Since c(a) > ^ we have 

where the second inequahty follows from Lemma l3.5l as a > '0o(co)co. It implies F{m, a, a, ^o) < 0, 
which completes the proof. □ 



Lemma 3.7 Suppose m > 2. There is a function f : (1, m + 1) — > R+ with the following property. 

Suppose fi is a convex set 0/ M2,o — {(2^11 2:2) | 3^2 ^ 0} with a non-empty intersection Iq with 
the xi-axis. Put Qs = (^2 + SD'^^ H R?,q and let Fg be the closure of the intersection of dQs (ind 
the upper half plane (Figure |4]). Then if 1 < a < m + 1 and if S > f{a) ■ diam(J7) then for any 
point X — (C, 0) € -To we have 




'(C - 2/1)2/2™-' dy2 <0. 



Proof. Let us write Q ^ fis and F = Fs in what follows. 

Suppose X Cz Fq. If S7" is a compact domain that does not contain x then 




^-2/r""'(C-2/i)2/2"-'dy2 

\x _ 4 {(^ + 1 _ a){y, - e)2 - 2/2'} ^2"^-' dy.dy^ 
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Figure 4: (5-parallcl body i7 = J?^. Fg is an envelope of circles with radius S whose centers lie on 



Note that the integrand above is positive if 1 2/2! < VjtT 
= ±Vm + 1 



1 — q; |yi — ^1 and negative if 1^2 1 > 



^/m + 1 — a \yi 

Two lines 2/2 = ±Vm + 1 — a (yi — hitersect T in a point each as H is convex. Let L be a line 
through the two intersection points. Remark that the line L does not have any other intersection 
points with df2 as f2 is convex. We construct a new domain which is a rectangle or a triangle, 



y2 = ±Vm + l-a {yi - ^ 
Q" 



±\/m + \ — a {yi - Q 
Q" 




Figure 5: Domain Q' (the rectangle) 
when L is parallel to the yi-axSs. The 
arrows indicate the orientation of f2" ~ 



Figure 6: Domain ]?' (the triangle) when L is 
not parallel to the yi-axis. 



according to whether L is parallel to the j/i-axis or not, bounded by a line segment of L (denoted 
by /l), a line segment of the j/i-axis, and some vertical line segments as is indicated in figures [6] 
andEl When Q' is a triangle, we take the vertical line segment as close to the point x as possible. 

Put Q'l ^ \ {Q' r\ Q) and fi'^ = f2 \ {Q' f] Q) (domains in blue (light gray) and red (dark 
gray) respectively in figures [S] and ED , and = Q - Q' . Note that Q" = (-/?") U i7". Then, 



r Jon 

k - yr"'-^^ - 2/1)2/2'"-' dy, + f \x- yr-'-'i^ - 2/1)2/2™-' dy2. 
an" Jan' 



(3.8) 



As 



^?+C {(yi,y2) I I2/2I < Vm + 1 - a \yi\] , Hlc {(2/1, 2/2) I |2/2| > + 1 - a |2;i|} 



7 



the first term of the right hand side of p.Sp satisfies 



y2^} 2/2™ ^dyidy2 



The second term of the right hand side of (|3.8p can be estimated as follows. Notice that df2' 
consists of a line segment of L, which we denote by I^,, vertical edges, which we denote by F^, and 
a horizontal edge on the yi-axis, where the integral vanishes. As the orientation of Fy is upward 
on the right edge and downward on the left edge, we have 

\x-yr-'^-\^~y^)yr-'dy,<0. 

Therefore, it remains to show 

f |x-yr'"-^(e-yi)y2'"-'dy2<0 

when Fl is not parallel to the yi-axis. It is equivalent to show that F(m, a, a, ^) < if a and ^ 
satisfy some conditions which are derived from the condition for S. 

We may assume without loss of generality that the slope of F^ is negative. Put d = diam(/2). 
Let z (or w) be the intersection point of the j/i-axis and Fy (or Fl respectively). Let p and q be 
the intersection points of Fl and the lines through x with slopes ±^/m + 1 — a (Figure [7]). Then 




Z X w 



Figure 7: 



k-yr""'(e-yi)y2"-'d2/2 



\x~y\" {(to + 1 - a)(yi - 0' 



+ / |x-yr'"-^{(TO + l-a)(yi-^)2- 



< 0. 



S < \x - p\,\x - q\ <S + d. 
Therefore, the slope of Fl is not greater than 2S+d ^^^ + 1 ~ a, and hence 



I ^ , Vto + 1 - Q ^ 25 + d 25{5 + d) 

\x — w\ > H — = — = = — =. (3.9) 

V TO + 2 — a V TO + 2 — a dy m + 1 — a d\J to + 2 — q; 

On the other hand, as we take Fy as close to x as poosible, we have 

|x-z|<(5 + d. (3.10) 

(i) Suppose TO = 2. Put /(a) = \\J^ - a. Then, if 5 > j(a)d then 

, 2(5((5 + d) e , , 
' ' " d-JT^ ~ " ' ' 
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Lemma [3.41 implies J^^ \x — ?/|" ~ yi) dy2 < 0. 

(ii) Suppose to > 3. Let u be the intersection point of and Fy. Then |u — z| > <5a ' 



Put 



m + 2 — a 
m + 1 — a 



If we assume | > 1 then (j3.9|) and ()3.10p imply 

|x — z| ^ (5 + (i /to + 2 — a ^ ^ 

On the other hand, as the the slope of /l is not greater than 2,5'+^ \/to- + 1 — a we have 



1 + ! 



|ti-z| c?V"^ + 1 - a Vto + 1 



(3.11) 



(3.12) 



Put 



VTO+T^^a 



4 ( A ! "'+2 — g I ]_ / ?n+l — g 
^ ' m+l-g ^ 2 V m+2-g 



X 4 



/ TO - 


h2- 


a 


TO - 


hl- 


a 



1. 



Remark that /(a) > 3 and hence if f > f[oi) then the assumption | > 1 above is satisfied. 
If I > f{a) then (|3A2l) implies 

^4 > (Mil) ?fL±i 
Then by (pUj) and ([51^ . Corollary Ell implies 

ig-m-2/^ _ \ _ m-2 



(3.13) 



(3.14) 



F - y| 



'(e-yi)y2"'"'dy2 <o. 



□ 



Theorem 3.8 Suppose to > 2 and 1 < a < to + 1. Let [2 be a compact convex set in R™ with a 
piecewise boudnary. If 6 > f{a) •diam(J7), where /(a) is given in Lemma \3. 7\ then p.ip holds 
on Q for any j {1 < j < to). 

Proof. Put f2 = f] + SB"' in what follows. Suppose x G H. By the symmetry, we may assume 
that j = 1 and that x is on the xi-axis. We omit the proof for the case when a = to as it is same 
as that for the case when 1 < a < m. 
(i) The case when to = 2. Recall 



dxi' 



Q-{x) = {2-a) \x-vr-\x,-v^)dy2. 



on 
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Divide dfl into two parts by the xi-axis, and lemma l377l implies the conclusion, 
(ii) The case when m > 3. We use the orthogonal decomposition 

M™ = K ® E"-l = (Xi) ® (X2, . . . , Xra). 

Suppose the intersection of fi and the xi-axis is given by [x™*", a;™°^]. 

Let 5"'"^ be the unit sphere in R™~^. Suppose 02, • • ■ ,(^m-i are local coordinates of 5™^^. 
Put 6 = {62, ■ ■ ■ ,0„i^i), and let 7(6') be the corresponding point on S"™^^. Let 77^(6/) be a half 
2-plane in M™ with the axis being the a;i-axis that contains the point j{0). 

Assume that df2 can locally be parametrized by 

0) = {fit, 9), g{t, 6)^(0)) e M ® M"-i (toiO) < t < h{e)) 
so that the following conditions are satisfied. 

• / and g arc picccwise C^-functions with (/t)^ + (.g*)^ > 0, 

. f{to{0),0) = air", fiti{o),0) = xr", 

. g{t, 6) > 0, namely 0) £ il^(e), and g{toie),e) - 0) = 0, 

Then, if we put r^(e) = n U^^g-^ then /^-y(e) can be expressed with respect to the xi-axis and 
an orthogonal axis in n~^(^0) by (Figure [8]) 

y{t,0) = (yi,y2) = (/(t,0),ff(t,0)) {h{e) < t < hie)). 

Put 




Figure 8: 



9$ 



which is a normal vector to 9i7. Then ly is an outer normal vector if and only if 

(9$ a$ a$ 



Pq)-v 



Ht,0)^po 



dt 002 



89. 



m— 1 



> 



(3.15) 



for any point po in J7 as is convex. When /t 7^ we can take po in ^7(6) so that po has the same 
xi-coordinatc as ^{t,0). Then ^{t,0) — po is a positive multiple of (0, — (sgn/t)7(6')). Therefore, 
if ft ^ then (|3.15p is equivalent to 



0< 



ft ge2 ■■■ 5e,„-i 
(sgn/t)7 ga ge2l + 91e2 ■■■ ffe„_i7 + 57e™-i 

m-2|.| 1 ••• 

^ 7 7^2 ••• 7e„-i 

^S""^!/*! I7 7^2 ■■■ 7e„_i| ■ 
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Assume 62, ■ ■ ■ , Om-i arc positive local coordinates of S"^~'^, i.e. [7 je^ ■ ■ ■ 7e„,_i | > 0. Then is 
an outer normal vector to df2. This holds even when ft~0 because in this case 1/ is outer normal 
if and only if (sgn3t)ei • > 0, which follows from p.l6p below. 

On the other hand, 



ei ■ jy 



ft 902 ■■■ .9e„.-i 
.9*7 9021 + 9102 ■■■ 90^-il + 910^-1 



(3.16) 



Since 



we have 



111 —2 \ I 

■9 9t\l 102 ■■■ l0^-i\ 



da = dt dd2 ■ ■ ■ dOm-i, 
n = vl\v\, 



ei • n dcr = g™" 9t\l I02 ' ' ' 7e™-i | dtdB2--- dBm-x 
= g^~'^gtdtdS'^~'^. 

Therefore, (|2.2p implies that 



(a;) = (m-a) / |x - ?/|" ^ (xi - yi) ei ■ nda{y) 
Jdn 



(ra — a) 



[ I r^'^ \x - yr-"-2(xi - dt] dS'^'\ 

\Jto{0) J 



By lemma [?771 

rti{0) r 

\x - yr"™"'(xi - yi)9"'-'9t dt= \x- y^-^'^-^x, - y,) ^2™"' dy2 < 

toi0) Jr^(a) 

for each point 7(6') in 5™^^, which completes the proof. □ 

Corollary 3.9 Suppose m > 2 and 1 < a < m + 1. For any compact convex set O in R"* with a 
piecewise boundary, if 5 > fia) ■ diam(]7), where /(a) is given in Lemma \3. 7[ then fl + 5B"^ 
has a unique r°'~™ -center. 

When m = 2 we have sup^^^^^g /(a) — \/3, so if we put ip{2) = \/3 we completes the proof of 
Theorem 13. II for the case when to = 2. 

When TO > 3, unfortunately we have sup]^^Q,^„j_|_]^ /(o^) — +00 as lim f{a) ~ +00. 

Lemma 3.10 Suppose to > 3. For any b > there is ao ~ ao{b) with m < ao < m + 1 such 
that for any compact convex set f2 in with a piecewise boundary, if S > b ■ diam(i7) then 
Q + has a unique r'^~"^ -center if ao < a < m -\~ 1. 

Proof. Suppose i7 has diameter d and a; € /?. Let C'j{a) be the cone with vertex x given by 
C,(a) = I - (to + 1 - a)ix, - v,f + ^(x, - y.f < o}. 
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The radial function of ^2 + SB'" with respect to x defined by p{v) — sup{i >Q\x + tvEn + SB"'^} 
{v G 5'"^^) satisfies 6 < p{v) < 6 + d for any v. Therefore 



1 d'V, 



> \x- yl"""^'* -(m + 1 - a){xj - yjf + V(a;i - y,f dp.{y) 

JBJlJx)nC,{a) y J 

+ \x- yl""""'* -{m + 1 - a){xj - yjf + V(xi - y^f dfi{y). 

JBJ^{x)nC,(ar \ i^j J 

Define g : (to, to + 1) x M_|_ M by 

-'^o,^ |y| 

where 

Remark that g(a, j3) is an increasing function of /?. Fix b > Q. As (/(a, 5) is continuous with respect 
to a and g['m + 1, 6) > 0, there is ao € ("^j to + 1) such that if ao < a < to + 1 then g{a, b) > 0, 
which completes the proof as the right hand side of p.l7p is proportional to p(a, b). □ 

Suppose TO > 3. Put 

(f{m) = max < 10, sup /(a) > = max < 10, max f{ct) 

[ l<a<Qo(10) J I l<Q<Qo(10) 

where f{a) is given by p.l3p and ao is given in Lemma l3.10l Then, Theorem 13.81 and Lemma l3.10l 
implies Theorem 13 . 1 1 for the case when to > 3. 



(3.17) 



Remark 3.11 In |03| . using the same renormalization process of defining energy functionals of 
knots f fOlj . |02j ). we renormalized Vf^ (x) so that it is well-defined for a < and x <EQ. The 



™-center of for a < can be defined in a similar way: it is a point in Q where | ^ attains 



the maximum value. We can show — - — ^ < on i7 for any 7 if a < 1 and Q is convex by a 

oxj ^ 

similar way as in Lemma 13.71 and Theorem 13.81 This gives an alternative proof of the uniqueness 
of the r"~™-center of ]7 when a < 1 and Q is convex. 
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